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Common Matrix Norms

Other norms of interest include the 1-norm and ∞-norms.
• 1-norm (ℓ1): consider x ∈ Rn. The ℓ1-norm is given by ∥x∥1 =

∑n
i=1 |xi|

• ∞-norm (ℓ∞): consider x ∈ Rn. The ℓ∞-norm is given by ∥x∥∞ = maxi=1,...,n |xi|
We can define induced norms from these ℓp norms:

∥A∥1 = max
∥x∥1=1

∥Ax∥1 = max
j=1,...,n

m∑
i=1

|aij | i.e., the max column sum

∥A∥∞ = max
∥x∥∞=1

∥Ax∥∞ = max
i=1,...,m

n∑
j=1

|aij | i.e., the max row sum,
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Proof of ∥A∥∞ being max row sum

• Indeed, we have that

∥Ax∥∞ = max
i=1,...,m

∣∣∣∣∣∣
n∑

j=1

aijxj

∣∣∣∣∣∣ ≤ max
i=1,...,m

n∑
j=1

|aij ||xj | ≤ max
j=1,...,n

|xj | max
i=1,...,m

n∑
j=1

|aij |.

• Then since ∥x∥∞ = 1, we have that

∥Ax∥∞ ≤ max
i=1,...,m

n∑
j=1

|aij |

• Next, you show that there exists x̃ such that ∥x̃∥∞ = 1 and

∥Ax̃∥∞ = max
i=1,...,m

n∑
j=1

|aij |
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Proof of ∥A∥∞ being max row sum

• Next, you show that there exists x̃ such that ∥x̃∥∞ = 1 and

∥Ax̃∥∞ = max
i=1,...,m

n∑
j=1

|aij |

• Indeed, the ∥x̃∥∞ = 1 that maximizes this quantity is x̃ such that its entries are
x̃j = sign(ai∗j) for j = 1, . . . , n where i∗ = argmaxi=1,...,m

∑n
j=1 |aij |.

• That is, with this choice of x, the inequalities above become equalities.
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